The type-2 fuzzy logic system permits us to model uncertainties existing in membership functions. Accordingly, this study aims to propose a linear and a piecewise framework for an interval type-2 fuzzy regression model based on the existing possibilistic models. In this model, vagueness is minimized, under the circumstances where the hcut of observed value is included in predicted value. In this model both primary and secondary membership function of predicted value fit the observed value. Developing the proposed model to piecewise model makes it helpful in dealing with the fluctuating data. This model, without the additional complexities, demonstrates its ability compared to previous type-2 fuzzy models.
Introduction
Statistical linear regression has long been used in almost every field of science. Developed by H. Tanaka et al. [1] [2] [3] , the fuzzy regression models have been applied to modeling systems involving vague phenomena. Fuzzy regression techniques can generally be classified into two distinct categories. The first category, suggested by P. Diamond 4 , is an adaptation of the classical least squares method. The second category, known as possibilistic regression [1] [2] [3] , reduces the problem of obtaining fuzzy coefficients of a regression model to one mathematical programming.
The fuzzy regression analysis can be applied to many real-life issues [5] [6] [7] [8] . In which the strict supposition of classical regression models cannot be satisfied. For example, people infrequently use numerical expressions to judge things in their life. The identification, the judgment and evaluation that peoples actually perform are usually expressed in qualitative linguistic terms that can be modeled with fuzzy sets. Many researchers have worked in the field of fuzzy linear regression (FLR) [9] [10] [11] [12] [13] . However, to this date, most models of fuzzy regression analysis have focused only on type-1 fuzzy sets, while the type-2 fuzzy logic systems (T2FLS) can help deal with even higher levels of uncertainty in real world applications. Type-2 fuzzy rules are more complicated than type-1 fuzzy rules, because they use of type-2 fuzzy sets in antecedent or consequent parts. Therefore, most of the type-2 FLS studies only concern with interval type-2 FLSs (IT2FLS).
Some researchers have used type-2 fuzzy regressions as the modeling structure. Y. Wei, J. Watada have been built a type-2 Fuzzy Qualitative Regression Model 15 , which substantially is a simpler version of our model when H=0. In their article, Wei and Watada imply that they have used a general type-2 fuzzy number while it seems that they have used interval type-2. O. Poleshchuk, E. Komarov present a regression model for interval type-2 fuzzy sets based on the least squares estimation technique, but there isn't an example to guarantee the efficient performance of their proposed approach 16 . E. Hosseinzadeh et al present a weighted goal programming approach to fuzzy linear regression with crisp inputs and type-2 fuzzy outputs 17 . But this model only has tried to close the membership functions of observed and estimated responses by closing some of their parameters. Shafaei Bajestani et al used a new interval type-2 fuzzy regression model to forecast Taiwan stock index 18, 19 . It seems that none of the studies mentioned above could well model the type-2 fuzzy regression; instead they have reduced their model to only some points of type-2 fuzzy numbers. Also, the piecewise model than can model the large variation data has not been discussed in these studies.
This study aims to propose a framework for an interval type-2 possibilistic fuzzy regression model. Since interval type-2 fuzzy membership functions could be represented only by its Footprint of Uncertainty (FOU). This model has been built based on the possibility model for upper membership function (UMF) and necessity model for lower membership function (LMF). Moreover, the next section introduces interval type-2 fuzzy piecewise regression (IT2FPR) model's construction, which hasn't been discussed in the existing literature.
The rest of this paper is organized as follows: Section 2 reviews the relevant literature mentioned in this study; Section 3 describes the proposed type-2 fuzzy regression; Section 4 demonstrates and compares the ability of the proposed models in two examples; Finally, Section 5 is the conclusion and implications.
Review
In this section, the concepts and definitions used in this research are reviewed. Definition 1. (Type-2 fuzzy sets) A T2FS is denoted by [0, 1] ( , ) / ( , ) A is a non-fuzzy set defined as follows:
We assume that a fuzzy phenomenon can be presented as a fuzzy system of equations which, in turn, can be described by the fuzzy function 
The membership function of the observed output data i Y also should have the same special form ( , , )
p q r . According to the possibility and nessesity models of tanaka, the type-1 fuzzy regression model can be rewiten as : The type-1 fuzzy regression problem can be reduced to the following two quadratic programming (QP) 2, 20 . H is chosen as the degree of the fitting of the fuzzy linear model by the decision-maker.
Possibility model: .
(1 
Proposed type-2 fuzzy regression
Type-1 FLSs cannot fully handle high levels of uncertainties existing in most of the real world applications. The reason lies behind the fact that type-1 FLSs employs crisp and "precise" type-1 fuzzy sets. A type-2 FLS can handle higher uncertainty levels to produce improved performance. Type-2 FLSs have a variety of real world applications, in business and finance domains, in electrical energy domain, real-world automatic control, healthcare and medical domains [21] [22] [23] [24] . The membership functions of type-2 fuzzy sets are three dimensional and include a footprint of uncertainty. It is the third dimension of type-2 fuzzy sets, i.e. the footprint of uncertainty that additional degrees of freedom are provided, which in turn makes it possible to model and handle uncertainties 25 . Interval type-2 fuzzy sets are the most widely used type-2 fuzzy sets, since on the one hand they are simple to use and, on the other hand it is very difficult to justify the use of any kind of type-2 fuzzy set. In this case, the membership function is an interval type-2 fuzzy set which can be represented only by its FOU. In this section, at first, proposed interval type-2 fuzzy regression model was formulated. Thereafter, this model developed to piecewise type-2 fuzzy regression and multivariate model.
Concerning Arianna Mencattini et al. 26 , we will denote this kind of type-2 interval as [ , ,
The observed output data is the interval type-2 fuzzy number ( )
∀ ∀ is the predicted output and (y , )
∀ ∀ is the observed output. The basic idea of our approach based on Tanaka's approach is to minimize the fuzziness of the model by minimizing the total spread of the fuzzy coefficients, subject to including all the given data. In type-2 fuzzy regression these should be satisfied for primary membership functions and secondary membership functions.
Proposed linear interval type-2 fuzzy regression
Since an IT2FS can be completely determined using its FOU and FOU is bounded by two membership functions LMF and UMF (I.e.by two type-1 MFs), this model has been built based on the possibility model for UMF and the necessity model for LMF. These two models, besides minimization the vagueness in secondary membership function, help to find an appropriate fit for the predicted value into the observed value.
To formulate a fuzzy linear regression model, the followings are assumed to hold. 1. The data can be represented by an interval type-2 fuzzy linear model,
...
where i Y ∀ and j A ∀ are perfectly normal IT2FS and j x is positive.
According to the model, the supports of LMF and UMF were obtained as the following: 
2. The degree of the fitting of the estimated value 
It means that the possibility model for UMFs and the necessity model for LMFs are used respectively. Because it is enough to close the membership functions of the observed and predicted values as much as possible and an h-cut of the observed value is included in the predicted value (Fig.2) .
3.
The objective function is defined by J minimizes the vagueness of LMF of Y ∀ that is a type-1 fuzzy set. 4 J minimizes the distance point with the highest membership value in a fuzzy estimated response and the point with the highest membership value in the corresponding observed response. But 3 J is used for the necessity problem, and hence it should be maximized.
More specially, our problem is to find out the fuzzy parameters , , , , 
where H is chosen as the degree of the fitting of the fuzzy linear model by the decision-maker. QP problem of (11) and (12) are possibility and necessity model that used for UMF and LMF respectively.
More specifically, we can rewrite our problem as following: 
Piecewise type-2 fuzzy regression
Linear models are inadequate in handling fluctuating data. Therefore, it is necessary for the model to be developed to the piecewise model. One of the advantages of our proposed model is that it can be easily extended to the piecewise model. Two QP formulations are presented to determine the necessity area for LMF and the possibility area for UMF by the interval type-2 fuzzy piecewise regression model. The data can be represented by a piecewise interval type-2 fuzzy linear model:
If P is a change-point, then
, ,..., k P P P P = are the values of variable x subject to an ordering constraint 1 2 ... 
Multivariate piecewise type-2 fuzzy regression
In many applications, there is more than one input, In this regard, to be able to deal with the problem of multiple inputs; multivariate model was required to be formulated. Multivariate case can be viewed as a straightforward generalization of the previous case so that the used concepts are the same.
The output may be generally related to the q input. Every input could have some change-point. The multivariate model is as follow:
In the multivariate model
are calculated as follow: 
The QP problem in this case is the same in equation 17 with different values of
.
Numerical results
To evaluate the performance of the proposed model, a hybrid standard error of estimates (HS), standard deviation ( S y ∀ ), hybrid correlation coefficient (HR), root mean square error (RMSE), and R-squared ( 2 R ) were used and defined as follows 16, 17 : 
Example 1
We have used the data of example 1 given in Hosseinzadeh et al. paper to evaluate the ability of our model. The interval type-2 fuzzy regression model is 
The results of the two models are showed in Fig.3 , Fig.4 Table  2 show that, the predictive ability of our model is better than the predictive ability of earlier T2FS models. In multivariate model, HS of our model is greater than WGP model, because HS has been defined based on the distances of supports of membership function like WGP model, but our model is based on the possibility and necessity models. This doesn't cause our research to be any less valuable. In fact, in most of the application, the results must be presented in a crisp form, which makes that RMSE comparison even more significant.
Conclusions
This study presents a type-2 fuzzy regression model according to the possibility and necessity model. In this model, vagueness is minimized, under the circumstances where the h-cut of observed value is included in predicted value. In this case, both observed values and predicted values are interval type-2 fuzzy numbers. In this model both primary and secondary membership function of predicted value fit the observed value. Developing model to piecewise model makes it helpful in dealing with the fluctuating data.
The numerical examples in this study are more accurate than the ones presented in the existing literature. According to the numerical examples, the matching of the predicted and the observed values is observed to have happened closer than the ones reported in the previous works. In most application, results should be reported in the crisp form and in proposed model the results are more accurate after the defuzzification, which is shown by RMSE.
Only one type of type-2 fuzzy sets is discussed here, but many types of type-2 fuzzy sets can be treated through developing same concept as in this paper. Yet, most of high vague phenomenon might be well identified by this model.
